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Dedicated to George Elliott on his 60th birthday 

Abstract. In this paper we study the C*-algebras associated to continuous fields over 
locally compact metrisable zero dimensional spaces whose fibers are Kirchberg C*-algebras 
satisfying the UCT. We show that these algebras are inductive limits of finite direct sums 
of Kirchberg algebras and they are classified up to isomorphism by topological invariants. 



1. Introduction 

A purely infinite separable simple nuclear C*-algebra is called a Kirchberg algebra. Kirch- 
berg ^JJ and Phillips [TB] proved that two Kirchberg algebras A and B are stably isomorphic 
if and only if they are KK-equivalent. Consequently, if in addition A and B satisfy the uni- 
versal coefficient theorem (UCT) of [22|, then A = B ii and only if K*(A) = K*(B). 

Kirchberg generalized the KK-theory isomorphism result to nonsimple C*-algebras. 
He showed that if A and B are nuclear separable C*-algebras with primitive ideal spectrum 
homeomorphic to some T -space X, then A ® ®K, = B§§ (g) K if and only if A is 
-fT-fTx -equivalent to B, where KKx is a suitable generalization of the Kasparov theory which 
preserves the primitive ideal spectra of A and B (or rather the lattice homomorphisms from 
the open subsets of X to the lattice of closed ideals of A and B). Unlike the case of simple C*- 
algebras, as observed in [T3j, one does not have a general algebraic criterion for recognizing 
when two C*-algebras are .fTiC^-equivalent, as we lack a generalization of the UCT for KKx- 
Finding such a criterion seems to be a difficult problem even when the space X consists of 
finitely many points and is non Hausdorff. The case when X consists of two points was 
solved by R0rdam in [2U] . 

One of the goals of the present paper is to propose an answer to the above question for the 
separable nuclear C*-algebras A whose primitive ideal spectrum Prim(A) is zero dimensional 
and Hausdorff, under the assumption that all simple quotients of A satisfy the UCT. We 
introduce a homotopy invariant Inv(A) consisting of a preordered semigroup 

P{A®0 2 )®K{A), 

together with the action of the Bockstein operations on K(A). Here P(A (g> O2 ) denotes 
the Murray- von Neumann semigroup of equivalence classes of projections in A (g) O2 <E> JC 
and K_(A) is the total K-theory group of A, see Section 0] It turns out that if A and B 
are separable nuclear C*-algebras with zero dimensional Hausdorff primitive spectra and 
with all simple quotients satisfying the UCT, then A ® ® /C = B ® <g> K if and only 
Inv(.A) = Inv(.B). Since we do not use Kirchberg's K i\x-theory, we deduce that for such 
algebras, A is i^i^x-equivalent to B if and only if Inv(>l) = Inv(S). The examples con- 
structed in [1] show that the action of the Bockstein operations is an essential part of the 
invariant. Inv(A) is an adaptation to purely infinite C*-algebras of an invariant introduced 
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in [7j and 0. A positive morphism lnv(A) — > liw(B) must preserve the filtration of the total 
K-theory group K(— ) induced by ideals. Since all the ideals of the C*-algebras classified in 
this paper give rise to quasidiagonal extensions, the corresponding boundary maps vanish, 
and hence there is no need to include them in the classifying invariant as it was necessary 
to do in (20] • 

A related goal of this paper is to describe the structure and the classification of the C*- 
algebras associated to continuous fields over locally compact metrisable zero dimensional 
spaces whose fibers are Kirchberg algebras satisfying the UCT. We show that these alge- 
bras are inductive limits of finite direct sums of Kirchberg algebras satisfying the UCT 
and that they are classified up to isomorphism by the topological invariant Inv u (— ) : = 
(Inv(— ), P u (— ), r), see Sections 0] and It is worth to note that their structure is obtained 
proving first the classification result for a larger class of C*-algebras, by the same invariant. 
Since Inv n is continuous and homotopy invariant, we deduce immediately that in this (larger) 
class of C*-algebras, the isomorphism and the shape equivalence are equivalent properties, 
see Section |3J 

Let us describe how the paper is organized. Section |2] is devoted to preliminaries. Using 
the results of [TTj and [TH] we show in Section |3] that the C*-algebra associated to a con- 
tinuous field of Kirchberg algebras satisfying the UCT over a metrisable zero dimensional 
locally compact space admits local approximations by finite direct sums of Kirchberg alge- 
bras satisfying the UCT and having finitely generated K-theory. In Section 0] we introduce 
the invariants Inv and Inv M and describe their basic properties. In Section El we prove that 
the C*-algebras A which admit local approximations as described above are classified up to 
stable isomorphism by Inv (A) and in fact they can be written as inductive limits of finite 
direct sums of Kirchberg algebras satisfying the UCT. In particular, these structure and 
classification results apply to the C*-algebras associated to continuous fields of Kirchberg 
algebras satisfying the UCT over a metrisable zero dimensional locally compact space. 

2. Preliminaries 

Definition 2.1. A sequence (A n ) of C*-subalgebras of a C*-algebra A is called exhaustive if 
for any finite subset JF c A, any m > 0, and any e > one has T <Z e A n for some n > m. 
The inclusion maps A n <^-> A are denoted by i n ( respectively j n : B n B if (B n ) is an 
exhausting sequence for B). 

Let A be a separable C*-algebra and let (A n ) be an exhaustive sequence for A. Let 
{xi, X2, ■ ■ ■ , x n , . . . } C A be a dense subset of A. After passing to a subsequence of (A n ) we 
may arrange that 

(1) {xi,x 2 , . . . ,x k } Ci/fc A k , VA; G N. 

It the sequel we will always work with exhaustive sequences satisfying ((TJ). 

Lemma 2.2. Let A be a separable C* -algebra with an exhaustive sequence (A n ) consisting 
of unital, nuclear C* -algebras. Then after passing to a subsequence of (A n ) satisfying (0) 
there is a sequence of completely positive contractions \x n : A —>■ A n which is asymptotically 
multiplicative and such that Zzm n _ ) . 00 ||z r i^ n (a) — a\\ = for all a G A, where i n : A n — > A are 
the inclusion maps. 

Proof. Let T := {x±, x 2 , ...,a; n , ...} with T = A, and let := {x±, x 2 , Xk}(k G N). After 
passing to a subsequence we may assume that (A n ) satisfies ((TJ). Let Q k be a finite subset of 



CONTINUOUS FIELDS OF KIRCHBERG C*-ALGEBRAS 



3 



4(I;6M) such that: 

(2) T k C 1/k Q k , keN. 

For each n, let e n be the unit of A n . Using that T = A and it is easy to check that 
(e n ) is a (not necessarily increasing) approximate unit of A. Since each A n is nuclear and 
unital, it follows that we can find an approximate factorization of id& n by unital completely 
positive maps, on the finite set Q n within 1/n. 




M k(n) (C) 



(3) hnfn(y) - y\\ < 1/n, y e g n , n e N. 

Now, using Arveson's extension theorem for unital completely positive maps (see e.g. 
Thm. 6.1.5]), we extend f n to a unital completely positive map (denoted in the same way) 
f n : e n Ae n — > M k ^(C) for every n G N. Define h n : A —> e n Ae n by h n (a) = e n ae n and 
fi n : A — > A n by fi n = g n f n h n - Hence we have a diagram: 

.4 



9n 

e n Ae n — ->- M k (n)(C) 

Jn 

Fix now an arbitrary x G A and e > 0. Since T — A, it follows that there is a positive 
integer k such that ||x — x^W < s. Since G T k C jF n for every n > A;, it follows by (J2J that 
there is an element y n G Q n C A n such that \\x k — y n \\ < 1/n. Hence: 

(4) \\x — y n \\ < e+ 1/n, Vn > k. 

Since as noticed earlier lirrin^ooWenXen — x\\ = 0, there is k\ > k such that: 

(5) \\e n xe n — x\\ < e,Vn > k\. 
Now, using 0,0, and we can write for every n > k\ : 

\\fi n (x) - x\\ < \\nn(x) - y n \\ + e+l/n= \\g n f n h n (x) - y n \\ + e + 1/n 
= \\9nfn{e n xe n ) - y n \\ + £ + 1/n 
< \\9nfn(x) - y n \\ + 2e + 1/n 
< \\9nfn(yn) - y n \\ + Se + 2/ n < 3e + 3/ n. 

Hence /zm n ^ 00 ||z n /i n (x) — x\\ = 0. Note also that each \i n : A — > A n is a completely 
positive contraction as a composition of completely positive contractions. Finally, the fact 
that (fi n ) is asymptotically multiplicative follows easily since i n are *-monomorphisms and 
lim n ^ 00 \\z n fi n (a) — a\\ — for all a G A. □ 
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Definition 2.3. Let A = ((A(x)) xg x? T) be a continuous field of C*-algebras over a metrisable 
locally compact space X. Here T consists of vector fields a on X, (i.e. a G ^A(x), 
a(x) G A(x)) satisfying a number of natural axioms, including the continuity of the map 
x i — ► ||a(x)||, and the condition that T is closed under local uniform approximation jSl 10.1.2]. 
If X is compact, then T is a C*-algebra, called the C*-algebra associated to A. If X is just 
locally compact, the C*-algebra associated to A consists of those vector fields a G T with the 
property that the map x h- > \\a(x)\\ is vanishing at infinity. Given a family of C*-algebras 
(A(x)) x& x there are in general many choices for T which makes ((A(x)) x( zx, T) a continuous 
field of C*-algebras with non- isomorphic associated C*-algebras. 

Let Y C X be a closed subspace and let Ty be the restriction of V to F. One verifies 
that A\y '■= {{A(x)) x( zy^y) is a continuous field of C*-algebras on Y [H 10.1.12]. We shall 
denote by A(Y) the C*-algebra associated to A\y- Observe that A(X) is the C*-algebra 
associated to A. 

Remark 2.4. Let A = ((A(x)) x£ x, T) be a continuous field of C*-algebras over a metrisable 
zero dimensional locally compact space X. If Y C X is closed, then 

= {/ G A(X) : iV = 0} 

is a closed, two-sided ideal of A(X). Using H Prop. 10.1.12] one shows that A(X)/I(Y) = 
A(Y). Let (F n )^ =l be a decreasing sequence of compact subsets of X forming a basis of 
neighborhoods of a point xo G X. Then A(xo) = hm(A(F n ) , $ n ), where each <3> n : A(F n ) — > 
A(F n+ i) is the restriction map ($ n (/) = /|f„+d / ^(-^n))- Indeed, the J(F n )'s form 
an increasing sequence of closed, two-sided ideals of A(X) and UneN-^(-^) = -^( x o), since 
DneN-^n = i x o}- Therefore: 

A(x ) = A(X)/I(x ) = \im(A(X)/I(F n ),if n ) = lim(A(F n ), $ n ) 
where </?n : A(X)/I(F n ) A(X)/I(F n+1 ) is induced by the inclusion I(F n ) C I(-F n+1 ). 

Remark 2.5. Let *4 = ((A(x)) ie x, T) be a continuous field of separable C*-algebras with a 
countable approximate unit of projections over a metrisable zero dimensional locally compact 
space X. Let U be a closed subset of X. Then A(U) has a countable approximate unit of 
projections. This follows from [TBj . If all the A(x)'s have real rank zero, then A(U) has real 
rank zero by ^3 Thm. 2.1]. 

3. Continuous fields of Kirchberg algebras 

In this section we establish an approximation property for C*-algebras associated to con- 
tinuous fields of Kirchberg C*-algebras over zero dimensional spaces, see Thm. 13.61 

Definition 3.1. A separable nuclear simple purely infinite C*-algebra is called a Kirchberg 
algebra. 

We refer the reader to |2Ij for a background discussion of Kirchberg algebras. 

Remark 3.2. Any Kirchberg algebra is either unital or of the form Aq® K. where Aq is a 
unital Kirchberg algebra and [1^ ] = in K Q (A ). In particular all Kirchberg algebras admit 
an approximate unit consisting of projections. 

We introduce here notation for certain classes of C*-algebras. This notation is used to 
shorten the statements of certain intermediate results. 
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Definition 3.3. S consists of unital Kirchberg algebras. 

£ uct consists of unital Kirchberg algebras satisfying the UCT. 

Sf g consists of unital Kirchberg algebras A with K*(A) finitely generated. 

£fg—uct £/g n £uct 

B consists of finite direct sums of unital Kirchberg algebras. One defines similarly B uct , 
Bf g and Bf g ^ uct . A (nuclear) separable C*-algebra is in the class £ if it admits an exhaustive 
sequence (A n ) with each A n in B. One defines similarly C uct , £f g and Cf g - Uc t- 

Lemma 3.4. Let A = ((A(x)) xG x, T) be a continuous field of Kirchberg algebras over a 
metrisable zero dimensional locally compact space X . Let A be the C* -algebra associated to 
A. Then A = A® O^. 

Proof. If we set B := A<S>fC, then B is separable, stable, nuclear, and Prim(S) = Prim(yl) = 
X is Hausdorff and zero dimensional. Every nonzero simple quotient of B is of the form 
A(xq)(3JC, for some xq G X. But A(xq) being a Kirchberg algebra is purely infinite and since 
the property of being purely infinite is invariant under stable isomorphism Thm. 4.23] 
it follows that A(xq) £g> /C is also purely infinite. Now, by P3 Thm. 1.5] we deduce that B is 
strongly purely infinite. Using again the fact that A and B are stably isomorphic, Prop. 
5.11 (iii)] implies that A is strongly purely infinite. Hence the C*-algebra A is separable 
nuclear, has an approximate unit of projections (see Remark I2.5J1 and is strongly purely 
infinite. Then, by [U Thm. 8.6] we have that A = A ® O m . □ 

Lemma 3.5. Let A = ((A(x)) xe x> T) be a continuous field of unital Kirchberg algebras 
satisfying the UCT over a metrisable zero dimensional locally compact space. Let A be the 
C*-algebra associated to A. Let T C A be a finite set and let e > 0. Then, for every 
x G X, there is a clopen neighborhood U of x, and there is a unital Kirchberg algebra B 
satisfying the UCT , with K*(B) finitely generated and a *-homomorphism 7 : B — > A(U) 
such that dist (a|fj,7(-B)) < £ for all a G T ' . The distance is calculated in the C*-algebra 
A(U). Another way of writing this is T\jj C e 7(-B). 

Proof. Let us begin by writing A{x) as inductive limit of a sequence of unital Kirchberg 
algebras with finitely generated K-theory satisfying the UCT, and with unital, injective 
connecting *-homomorphisms. This is possible by the classification theorem of Kirchberg 
and Phillips (see e.g. [22 Prop. 8.4.13]). Therefore, there is a unital Kirchberg subalgebra 
B with unital inclusion map % : B C A(x) such that K*(B) is finitely generated, B satisfies 
the UCT and T\ x C £ i(B). Write T = {a\, a 2 , a r } and let b±, b 2 , b r G B such that 

(6) \\oi(x) -i(h) || <e, \<i<r. 

Let (U n ) ne n be a decreasing sequence (i.e. U n+ \ C U n ,n G N), forming a basis system of 
compact and open neighborhoods of x. In particular HneN = {%}■ Therefore, by Remark 
12.41 A(x) = \hn(A(U n ),$ n ), where each *-homomorphism $ n : A(U n ) — > A(U n+ i) is the 
restriction map. Since K*(B) is finitely generated and B satisfies the UCT (22] implies 
that KK(B, —) is continuous and hence there exist n and a G KK(B, A(U n )) such that 
[7T n ]a = [1] G KK(B,A(x)), where ir n : A(U n ) — * A(x) is the restriction map. Now, by 
Lemma I3~4"l A(U n ) = A(U n ) ® Coo- Using this, the fact that A{U n ) has an approximate 
unit of projections {p n ) n ^n (see Remark 12.51 and Remark l3.2|) . and the fact that for every 
fceN, every projection in Mj, is (Murray- von Neumann) equivalent to a projection in 
Ooo = (en ® l)(M k ® Coo) (en ® 1), it follows that every projection in M k ® A(U n ) = M k ® 
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A(U n ) <g> Coo — limA^fc <g> p m A(U n )p m ® Cqo is equivalent to a projection in \im p m A(U n )p m ® 

000 = A(U n ) (g) Ooo = A(U n ). Taking into account this observation and Kirchberg's theorem 
[2*T| Thm. 8.3.3], it follows that there is a *— homomorphism a : B — > A(U n ) with [a] = 
a G KK(B, A(U n )). From this we obtain that 7r n o~ : B — > A(x) is a unital *-homomorphism 
which has the same KK-theory class as the unital *-homomorphism i : B — > A(x). By the 
uniqueness part of Kirchberg's theorem, n n <j is approximately unitarily equivalent with i. In 
particular, there is a unitary u G A(x) such that: 

(7) \\u (n n a(b t ))u * - < e, 1 < i < r. 
From (jHJ) and (JJJ) we obtain: 

(8) \\u (TT n cr(bi))u * - a,i(x)\\ < 2e, 1 < i < r. 

The above inequality holds in A(x). After increasing n if necessary, we may assume that no 
lifts to a unitary u G A(U n ), thus ir n (u) = u(x) = u . Using the continuity property of the 
norm for continuous fields of C*-algebras, we obtain from (3) after increasing n if necessary: 

(9) \\u{y)a{b i ){y)u{yy-a i {y)\\<2e, y G U n , 1 < i < r. 

If we define 7 : B — * A{U n ) by 7(6) = ua{b)u* for every b G B and if we let a,i\u n denote the 
image of in A(U n ), then (0) becomes: 

(10) ||7(6 i )-a i | D - n ||<2e,l<z<r 

(since U n is compact). Finally, note that (JTUJ) implies that T\u n C2 £ l(B). 

□ 

Theorem 3.6. Let A = ((A(x)) x( zx, T) be a continuous field of Kirchberg algebras satisfying 
the UCT over a metrisable zero dimensional locally compact space X . Let A be the C*- 
algebra associated to A. Then A admits an exhaustive sequence consisting of finite direct 
sums of unital Kirchberg algebras satisfying the UCT and having finitely generated K-theory 
groups. 

Proof. By Remark 12.51 and Remark 13.21 it follows that A has an approximate unit of projec- 
tions (e n ) ne N- Since A = VJ n£ ^e n Ae n = \ime n Ae n , it clearly suffices to prove the statement 
for each e n Ae n , and thus we may assume -and we shall- that A and all the y4(x)'s are unital. 
Fix an arbitrary finite subset T = {a\, 02, a m } of A and an arbitrary e > 0. For each 

1 < i < m, define Ki := {x G X : ||aj(x)|| > e}. Then clearly each Ki is a compact subset 
of X and so is K = U™ 1 K^. Using Lemma 13.51 and the compactness of K we find clopen 
subsets of X denoted by U\, U 2 , £4, unital Kirchberg algebras Bi, B 2 , ■■-,B k satisfying the 
UCT with K*(Bj) finitely generated, *-homomorphisms jj : Bj — > A(Uj), and by G Bj, 
1 < i < m, 1 < j < k such that 

773 

(11) KQU-.^ljUi 

1=1 

and 

(12) \\a-i\Uj -lj{hj)\\ <£, 1 <i <m, 1 < j < k. 
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Let Vi, V 2 , Vk be mutually disjoint clopen subsets of Ui, U 2 , £4 such that 

k k 
3=1 3=1 

From f )12|) we easily get that: 

IKItS - r j7j(MII < £ > 1 < * < m ! 1 < J < ^ 

where : A(L^) — * A(V}) is the restriction *-homomorphism. Therefore we may assume 
that Ui, Ui,...,Uk are mutually disjoint, and in particular 

A(X) A(X \ U) © A{U X ) © • • • © A{U k ). 

Let Cj = "ij{Bj) C A(Uj) and C = C\ + • • • + Ck — ©,=i Since .Bj is simple, we have 
either Cj = Bj or Cj = hence C G Bf g ^ uct . Observe that since the Uj's are clopen, xu 3 is 
a continuous function on X for every 1 < j < k. Define 

k 

k = ^2 Xu 3 ljipij) e C, 1 < % < m. 

3=1 

Now, note that (|T2|) implies that: 

(13) ii(ai-&i)y<M<*<™- 

Now, if x £ X \ C/ then &«(x) = 0, and x £ X \ K and hence, using the definition of K, we 
get ||aj(x)|| < e (1 < % < m). This shows that for x £ X \ U, we have: 

(14) ||ai(x) - 6i(x)|| = ||oi(x)|| < e, 1 < i < m 
In conclusion, (|13p and (J 14)) taken together show that: 

\\a>i — &z|| < 1 < « < ?Ti 
where each 6, £ C. Since we already argued that C £ Bf g _ uct , this concludes the proof. □ 

Corollary 3.7. Let A = ((A(x)) xe x,^) be a continuous field of simple separable nuclear 
C*-algebras satisfying the UCT over a metrisable zero dimensional locally compact space X. 
Let A be the C* -algebra associated to A. Then A satisfies the UCT. 

Proof. Since Ooq is KK-equivalent to C, we may replace A by A © Coo. By [T31 Cor. 2.8] 
A © Ooo satisfies the assumptions of Theorem 13.61 By [3] , any nuclear separable C*-algebra 
which admits an exhausting sequence of C*-subalgebras satisfying the UCT will also satisfy 
the UCT. □ 

Remark 3.8. Let X be a metrisable, zero dimensional, locally compact space and let A = 
((A(x)) x£ x, T) be a continuous field of separable C*-algebras such that each fiber A(x) admits 
an exhaustive sequence (A n (x)) n of simple semiprojective C*-algebras. Let A be the C*- 
algebra associated to A. Then A is the inductive limit of a sequence (A n ) n , where each A n 
is a finite direct sum of C*-algebras of the form A m (x) (m and x may vary). The proof of 
this statement is similar with the proof of Theorem 13.61 but it is much simpler. 
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4. The invariant and basic properties 

We will use K-theory with coefficients. For each m > 2 let W m be the Moore space obtained 
by attaching a two-cell to the circle by a degree m-map. Fix a base point * in each of the 
spaces W m . Let C{W) denote the C*-algebra obtained by adding a unit to ©^ =2 Co(W m \*). 
Similarly, let C(Wm) denote the unitalization of ©m=2^o(W / m \ *), where M is an integer 
> 2. Define 

C = C(T) © C(W) and C M = C(J) ® C(W M ). 

Note that we have natural embeddings C(T) © C(W m ) C C M C C, (m < M). 
The total K-theory group of a C*-algebra A is given by: 

oo 

K{A) = K,(A) © K*{A; Z/m) = A (^ © C) 

m=2 

This group is acted on by the set of coefficient and Bockstein operations denoted by A. It is 
useful to consider the following direct summand of K_(A): 

M 

K{A) M = K*{A) © K*(A; Z/m) = K {A © C M ) 

m=2 

Remark 4.1. Assume that A is a separable C*-algebra satisfying the UCT. If M annihilates 
the torsion part of K*(A), i.e. M Tors K*(A) = 0, then the map 

Rom A (K(A),K(B)) - Eom A (K(A) M , K(B) M ) 

induced by the restriction map K_(A) — > K_(A)m is bijective for any a-unital C*-algebra 
B, [3 Cor. 2.11]. If moreover A* (A) is a finitely generated group, then K (A) is finitely 
generated as a A-module, O Prop. 4.13]. More precisely there are x%, ...,x r G K_(A) M , such 
that for any x G K(A), there exist k\, k r G Z and Ai, A r G A such that 

x = fciAi(xi) + • • ■ + A; r A r (x r ). 

If A is a C*-algebra, we denote by P(A) the Murray-von Neumann abelian semigroup 
consisting of equivalence classes of projections in A © /C. 

We introduce two homotopy invariants, lnv(A) which will be used for stable C*-algebras 
A and Inv u (A) in the general case. To this purpose we consider the pair ( J (A), J(A) + ) 
consisting of a semigroup J (A) together with a distinguished subsemigroup J(A) + C J (A) 
(called the positive subsemigroup of J (A)). This is defined as follows. Consider the map: 

po : P(A © C) -> P(A © C 2 ) 

induced by the unital *— homomorphism C — > O2, / — > ^(/)lo 2 (where is a fixed character 
of the commutative C*-algebra C). Since the spectrum of C is path connected, it follows that 
Po is independent on the choice of the character u. We define: 

J (A) :=P(A®0 2 )@K(A) 

and define J{A) + to be the image of the map: 

p : P(A © C) -> P(A © 2 ) © A(A) = J (A), 



P\P\ ■= Po\p] © [Pk(yi). 



CONTINUOUS FIELDS OF KIRCHBERG C*-ALGEBRAS 



9 



J (A) is a semigroup with unit (0, 0) and is also a A-module (Bockstein and coefficient 
operations), where A acts only on the second component K(A). The pair ( J (A), J(A) + ) 
together with the action of A on J (A) is denoted by lnv(A). 

In abstract terms, the invariant consists of a Z/2-graded abelian semigroup J = 
where is in fact a graded group acted by A, together with a distinguished subsemigroup 
J + C J (0) © J (1) . For a C*-algebra A we have J(A)<® = P{A ® 2 ) and J(A)W = K{A). 

Note that a *— homomorphism tp : A — > 5 induces a morphism of the invariant 

Inv(</?) : Inv(A) -» Inv(P) 

in the sense that Inv (ip) is a morphism of graded semigroups which is A-linear and preserves 
the positive subsemigroups. We express these properties by saying that Inv(</?) is positive 
and A-linear. More precisely: 

Definition 4.2. A map a : lnv(A) —>■ Inv(P) is said to be positive and A-linear if it has two 
components 

a (0) : P(A (g> 2 ) -> P(P ® 2 ) 
with a unit preserving morphism of semigroups (a^(0) = 0) and 

: 2£(A) -> K{B) 

where aW is graded morphism of A-modules and a( J(v4) + ) C J(B) + . 

It is clear that Inv (A) does not distinguish between a C*-algebra A and its stabilization 
A <g) K.. Following [IHJ, we consider the set P U (.A) consisting of unitary equivalence classes 
of projections in A, where the unitaries are from the unitalization A if A is nonunital. As 
in [TJ5], P U (A) is equipped with its family of all finite orthogonal sets. A finer invariant is 
obtained by enlarging liw(A) to 

lnv u (A) = (lnv(A),P u (A),r), 

where r : P U (A) — > Inv (A) is given by the composition of the maps P U (A) — > P{A ® C), 

[p}u [P ® lc]) and P : ® C) Inv(A). 

A morphism a : Inv u (A) — > Inv u (P) consists, in addition to the components from 
Def. 14.21 of a map a u : P U (A) — ■> P U (B) which maps orthogonal sets to orthogonal sets and 
makes the following diagram commutative: 

P U (A)^+P U {B) 

T T 

InvM) ^ Inv(P) 

Lemma 4.3. If A is a Kirchberg algebra, then: 
{a)P{A®0 2 ) = P{0 2 ) = {0,oo} 
(6) J{A) = {0,oo}©K(A) 

(c) J(A) + = {(0, 0)} U {(oo, x) : x E K(A)} 

(d) The map p : P(A © C) — > infective. Moreover p is injective even when A is a 
finite direct sum of Kirchberg algebras and even when A E £. 

Proof, (a) A is either unital or A = A (8) AT, where A is a unital Kirchberg algebra (see 
Remark IH.2j) . Since P(B) = P(B ® /C) for every C*-algebra P, if follows that we may 
assume that A is a unital Kirchberg algebra. But then, since A is simple, separable, unital 
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and nuclear, a remarkable result of Kirchberg ( \21\ Thm. 7.1.2]) implies that A (g) 2 = 2 . 
Therefore P(A® 2 ) = P{0 2 ). Since any two nonzero projections in 2 ®K. are equivalent, 
it follows that P(0 2 ) = {0, 00}. In conclusion, P(A <g> 2 ) = P{0 2 ) = {0, 00}. 

(b) This follows immediately from (a). 

(c) Observe that if B is a simple C*-algebra and X is a compact, connected space, then 
every nonzero projection p in B ® C(X) is full. To show that J(A) + := p(P(A <S> C)) C 
{(0,0)}U{(oo,x) : x G K{A)}, note that if p [p] = for some p G P(A<g>C), then p = 0. To 
prove the opposite inclusion, observe first that (0, 0) = p([0]) G J(A) + . Now fix an arbitrary 
x G i£ (A). Since A © 0^ = A, it follows that (A <S> C) <S> = A <g> C and hence A © C is 
purely infinite (use Prop. 4.5]). Let p be an arbitrary nonzero projection of A. Then, by 
[T31 Thm. 4.16] it follows that p © lc is a properly infinite projection in A © C. Moreover, 
since A is simple, it follows that p (g) lc is full in A © C. Then, by a result of Cuntz [2] (see 
also jU Lemma 4.15] it follows that there is a full (and properly infinite) projection e in 
A<S>C such that [e]^^) = x G i^CA) = -fT (^©C)- Observe also that since e is full in A®C, 
we have p [e] = 00. In conclusion, we have p[e] = po[e] <S> [g\k(A) — (00, x). 

(d) First we consider the case when A is a Kirchberg algebra. Let p, q be projections in 
A®C®K such that p[p] = p[g]. Since (A <8> C ® A^) ® = A®C ®K, (because A <g> = A) 
and since A ® C ® K, has an approximate unit of projections, it follows (as in the proof of 
Lemma f3.5|) that p and q are equivalent with projections in A ® C. Hence, we may assume 
that p, q G A ® C. Since p [p] = Po[?] it follows that p and g are simultaneously zero or 
nonzero. It suffices to consider the case when they are both nonzero. In the proof of (c), 
we showed that A ® C is purely infinite. Then, by fUl Theorem 4.16] it follows that p 
and q (being nonzero) are properly infinite projections in A ® C. Since, as observed above, 
they are also full, results of Cuntz [2] (see also Lemma 4.15]) allow us to conclude from 
\p\k{A) = \p\k {a®C) = [q\k q (a®c) = [q]k(A) that p and q are equivalent in A&C, i.e. [p] = [q] 
in P(A ® C). Hence p is injective. 

In the case A = @™ =1 Ai where each A4 is a Kirchberg algebra, the fact that the map 
p : P(A Cg) C) — » J (A) is injective follows from the fact that p is injective if A is simple (the 
above case) and the observation that p and P are additive with respect to direct sums: 

Let S be a C*-algebra with an exhausting sequence (B n ) of C*-subalgebras. Using func- 
tional calculus, one shows that any partial isometry in B can be approximated by partial 
isometries in B n 's. Applying this observation to A ® C and using the previous cases we 
obtain that p is also injective for A G C. □ 

Lemma 4.4. If A — A± © ■ • • ® A m with Ai Kirchberg algebras, then 

(a) J(A) + = {((r l7 xi), . . . , (r m , x m )) : r< G P(A ® C 2 ), x 4 G K(A), ^ = ^ Xj = 0}. 

In particular this shows that J{A) + is ^-invariant. 

(b) If A satisfies the UCT and K*(A) is finitely generated, then Irw(A) has the following 
semi-projectivity like property. Let B = B\ © ■ ■ • © B n with Bi Kirchberg algebras. Let 
a : J (A) — > J{B) be a A-linear morphism of graded semigroups. Then there are finitely 
many elements {ti, ...,t r } in J{A) + with the property that if a(tj) G J{B) + for all 1 < j <r, 
then a{J{A) + ) C J{B) + . 

Proof. The first part follows from Lemma 14.31 To argue for the second part, it suffices to 
assume that both A and B are Kirchberg algebras and A satisfies the UCT. Since K*(A) 
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is finitely generated, it follows that K(A) is finitely generated as a A-module Prop. 
4.13]. Let {xx, . . . ,x r } be a list of generators. Then tj := (oo,Xj) G J(A) + will satisfy the 
required property. Indeed, if t G J(A) + ,t ^ (0,0), then t = (oo,x) for some x G K_(A) and 
x = Y^j ^j x j f° r some \j G A. Thus 



t = (oo, x) = (oo, \ x i) = Y A i(°°> x o) = Y X ^ 
j j j 

and 



j 



a 



(t) = Y f X j a(t j ) G J(B)- 




since a(tj) G J(B) + (by hypothesis) and \ja(tj) G J(B) + , because J(B) + is A-invariant. 
Since a((0, 0)) = (0, 0) G /(£)+, the proof is complete. □ 

Lemma 4.5. Lei B be a separable C*-algebra with exhaustive sequence (B n ). For any 
Zi, . . . , z k G J(B) + , there exist m and yi, . . . , G J(B m ) + such that map J(j m ) '■ J(B m ) 
J(B) satisfies J(j m )G/i) = ^ • 

Proof. This follows by functional calculus like in the proof of continuity of K Q . □ 

Lemma 4.6. If A is a separable C*-algebra with an exhausting sequence {A n ) and all A n 
have finitely generated K-theory and satisfy the UCT, then there is a subsequence (A-(n)) of 
(A n ) and A-linear morphisms u n : K(A r ( n )) — > K(A r ( n+ i)) such that such that for each n the 
diagram 

K(A(n))— K(A(n+l)) 

K(A) 

is commutative and the induced map lim(K(v4 r ( n )), z/ n ) — > K(A) is an isomorphism of A- 
modules. 

Proof. If A is a C*-algebra with K* (A) finitely generated and satisfies the UCT, then K(A) 
is finitely generated as a A-module, actually generated by the group generators of K(A)m 
for some M, see Remark 14.11 On the other hand only finitely elements of A act on K(A)m- 
Hence K(A)m is a finitely presented A-module. That is, one has the group relations among 
generators and a finite number of relations involving finitely many Bockstein operations. 
These observations apply to A r / n \. Therefore one proves this lemma similarly to the proof 
of Lemma 14.51 At each stage one produces a diagram as in the statement which commutes 
when restricted to the K(A r ( n ))M(n), where M(n) Tors K*{A r (n)) = 0. Finally one applies 
Remark [3~TJ □ 

Lemma 4.7. Let A be a C*-algebra which admits an exhaustive sequence (A n ) such that each 
A n is a finite direct sum of Kirchberg algebras satisfying the UCT and with finitely generated 
K-theory. Then after passing to a subsequence of (A n ) (if necessary) there is an inductive 
system 

■ ■ ■ (J(A n ), J(A n ) + ) ^ (J(An+i), J(A n+1 ) + ) ■ ■ ■ 
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such that for each n, v n is positive and A-linear, the diagram 

J{A n ) J{A n+1 ) 

J(hi+l) 

J{A) 

is commutative and the induced map lim((J(A n ), J(A n ) + ), u n ) — > (J(A), J(A) + ) is a positive 
A-linear isomorphism. One can replace (J(—),J(—) + ) by the alternate notation Inv(— ) 
everywhere in the statement of this lemma, since the action of A was considered. 

Proof. This follows by putting together Lemma \4A\ Lemma f4. 51 Lemma f4. 61 The property 
given in the part (b) of Lemma 14.41 is crucial since it allows to insure positivity of A-linear 
maps by obtaining it only for finitely many elements. □ 

Lemma 4.8. Let A be a C* -algebra which admits an exhaustive sequence (A n ) such that each 
A n is a finite direct sum of Kirchberg algebras satisfying the UCT and with finitely generated 
K-theory. Let B be a C* -algebra which admits an exhaustive sequence (B n ) such that each 
B n is a finite direct sum of Kirchberg algebras. If a : lnv(A) — > Inv(I?) is a positive A-linear 
map, for any n, there exist m = m(n) and a positive A-linear map a n : Inv(A n ) — > liw(B m ) 
such that the diagram 

InvCAO^MA) 



Inv(S m ) T — -Inv(S) 



is commutative. 



Proof. This is just a repetition of the proof of Lemma \4. 71 The crucial property of Inv(— ) is 
that it is "finitely presented" when applied to finite direct sums of Kirchberg algebras with 
finitely generated K-theory. □ 

Remark 4.9. If A is a unital Kirchberg algebra, then 

Pu(A)^{[0] u ,[l] u }UK (A), 

by 0> CH]- It is then clear that by using similar arguments one shows that Inv u (— ) satisfies 
statements analog to Lemmas 14.71 and 14.81 

5. Classification results 

We begin by recalling some terminology and definitions from [5] which will be important 
in what follows. 

Definition 5.1. (0). Let A be a C*-algebra. A ^-triple (V,Q,5) consists of a finite subset 
V of projections, 

VC\J Pro] (A g> C(T) ® C(W m ) ® K) 

m>l 

where the W m 's are the Moore spaces of order m, and a finite subset Q C A, and 5 > 
chosen such that whenever ip is a completely positive contraction which is (^-multiplicative 
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on Q, then e = (tp ® id)(p) is almost a projection in the sense that ||e 2 — e|| < 1/4 and in 
particular 

1/2 £ sp(0<gU(f)0)) 
for each p G P, where z<i is the identity of C(T) ® C(W m ) (g> /C for suitable m. 

Definition 5.2. (0 Def. 3.9] Let (V,Q,5) be a -fT-triple, and assume that (p : A — > £> 
is a completely positive contraction which is 5- multiplicative on We define y?tt(p) = 
[Xo(^ ® id)(p)] where xo : [0, 1] \ {1/2} -> [0, 1] is on [0, 1/2) and 1 on (1/2, 1]. It is clear 
that if (P, Q, 5) is a K_ (A)-triple one also has a natural map tp$ : V — > P(B ® C) whenever 
tp : A — > is a completely positive contraction which is 5-multiplicative on Q . Hence, one 
can define in this way <p$ : P — > Inv(-B) whenever (V, Q, 5) is a K_(A) -triple and : A — > i? 
is a completely positive contraction which is 5-multiplicative on Similarly one defines a 
map v?,) : P -> P U (S). 

We need the following result. 

Theorem 5.3. Assume that A is a unital Kirchberg algebra which satisfies the UCT. For any 
finite set T d A and e > 0, there is a K( A) -triple (P, Q, 5) with the following property. For 
any unital Kirchberg algebra B and any (Q, 5) -multiplicative completely positive contractions 
(p,xjj : A — > B with <p$(p) = ^tt(p) e Ki,B) for all p G P there is an unitary u G B such that 
\\u(p(a)u* — ip(a)\\ < s for all a G T . 

Proof. This is jSJ Thm. 6.20]. In addition we may work with a set of projections P C A ® C 
rather than V <Z A®C ®K. □ 

Corollary 5.4. Assume that A is a finite direct sum of Kirchberg algebras that satisfies 
the UCT. For any finite set T C A and e > 0, there is a K(A) -triple (V,Q,S) with the 
following property. For any finite direct sum of stable Kirchberg algebras B and any (G,S)- 
multiplicative completely positive contractions (p,i/) : A —> B with <p$(p) = i/>$(p) ^ Inv(S) for 
all p G V, there is a unitary u G B (the unitalization of B) such that \\u<p(a)u* — ^(a)|| < e 
for all a £ J 7 . 

Proof. First observe that we may assume that B is simple (otherwise we compose with 
the projection onto each direct summand). Now, since every Kirchberg algebra has an 
approximate unit of projections, we may assume that A = ©f =1 v4j where each A± has a unit 
denoted by e^. We choose P such that e, G P, 1 < i < k. After a small perturbation we 
may assume that (<£>(ej))f =1 and (■0(e i ))^ =1 are finite sequences consisting each of mutually 
orthogonal projections. Since tp(ei) and ip(ei) have the same class in P(B (g) 2 ) they are 
simultaneously zero or nonzero. Since they have the same class in K_(B), in particular they 
have the same class in Kq(B). But B is purely infinite and simple. By results of Cuntz [2|, 
it follows that ipfa) is equivalent to "0( e i)> 1 < i < k. Hence, after conjugating tp with a 
suitable partial isometry v G B, we may assume that y?(ej) = "0( e i)> 1 < * < A:. Since B is 
stable, this partial isometry extends to a unitary u G B. Next we apply Theorem 15.31 for the 
restriction of the two given maps to A± — > <p(ei)B<p(ei), 1 < i < k. Thus we obtain a unitary 
w G eBe, where e = <p(ei) + ■ • • + v( e fc)> with ||ioy(a)io* — ^( a )ll < £ f° r an a G JF. Finally 
we choose w = l — e + u>G?7 (5). □ 

The following is our "uniqueness" result 
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Proposition 5.5. Assume that A G C uct . For any finite set T C A and e > 0, there is 
a K(A)-triple (V,Q,5) with the following property. For any stable B G £ and any (G,S)- 
multiplicative completely positive contractions <p,ip : A — > B with <p$(p) = 4>${p) £ Inv(S) for 
all p G V, there is a unitary u G B such that \\up(a)u* — ip{a)\\ < e for all a £ J 7 . If B is 
not assumed to be stable, the conclusion remains valid if we assume that (p$(p) G P U (B) for 
allpeVnA. 

Proof. Let (A n ) be an exhaustive sequence for A with A n G B uct . It suffices to prove the 
statement for the restrictions of tp and ip to A n . Thus we reduced the proof to the case when 
A G B uct . 

Using Lemma f2. 21 we find an exhausting sequence (B n ) for B with B n G B and a sequence 
of completely positive contractions 7r n : B — > B n which is asymptotically multiplicative and 
such that: 

(15) Zim n ^ QO ||j n 7r n (6)-6||=0,V6GB. 

Define for every n G N, <p n , ip n : A — > B n by <p n := n n p, ip n := n n ip. Then ()15|) implies that 
for Va G A, we have: 

Zzm^oo || j n y? n (a) - <p(a)|| = 0, 
A similar property is satisfied by ip n . Replacing p with p n and similarly, if; with ip n , for large 
n, we reduce the proof of the proposition to Corollary 15.41 □ 

Lemma 5.6. Let A G Bf g ~ uc t and let B be an finite direct sum of Kirchberg algebras. 
Then any positive and A-linear morphism a : liw(A) — > lnv(B) lifts to a * -homomorphism 
tp: A^ B. 

Proof. We may suppose that B is a Kirchberg algebra. Write A = ©* =1 Aj with A t G £f g - uct . 
Then, clearly: 

Inv(A) = ®i =1 lrw(Ai) 

and correspondingly, a, is the restriction of a to Inv(Aj). All we have to do is to lift each 
ckj to a *-homomorphism p>i : Ai — > B. Then, since B is purely infinite and simple, using 
[2] we may assume, after conjugating each p>i with a suitable partial isometry in B, that 
(PiO-A^tfjO-Aj) = whenever i ^ j. Finally, we shall define p : A — > B as the direct sum of 
the (pi's. Now, as explained earlier: 

J(Ai) + = {(0, 0)} U {oo © K(Ai)} C P(A © 2 ) © K(A) 

and: 

J(£)+ = {(0, 0)} U {cx) © #(£)} C P(B © 2 ) © 
The map on has components af ] : P(A* © C 2 ) -> P(£ © C 2 ) and af } : ^(A) -> 

„(°) 








Therefore the condition ai(J(Ai) + ) C J(B) + shows that = whenever af* (oo) = 0. 
If ati (oo) = 0, then af^ 1 = and we set p>i = 0, 1 < i < n. If af^ = oo, we apply the 
UMCT of [7j to lift OLp to an element $ of KK(Ai, B). Since i£*(Aj) is finitely generated, 
satisfies the UCT and S has a countable approximate unit of projections, by using the 
continuity of KK(Ai, — ) we may assume that B is unital. Now, using fZT\ Thm. 8.3.3], we 
lift j3i to a full *-homomorphism p>\ : A* — > B © /C. But, notice that every projection in a 
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matrix algebra over B is equivalent to a projection in B C B®K, (since B ® Ooo = B and B 
has an approximate unit of projections). Hence, there is a partial isometry v * £ S <E> /C such 
that = ^(1^) and t^u* < 1b- Define </?j : A4 —> B by ipi := v^v*. Then, clearly, [/?$] 
lifts to and hence c^- lifts to It is clear that (fi : A4 — > B is injective is nonzero 
and Ai is unital) and hence y?j also lifts aj ''. 

□ 

The following is our "existence" result: 

Proposition 5.7. Assume that A £ £ nc t- -fbr any K(A) -triple (V,Q,5), any B £ £ and 
any positive A-linear maps a : Inv(A) — > Inv(S), i/iere a (Q, 5) -multiplicative completely 
positive contraction ip : A ^ B such that (p$(p) = a;([p]) /or allp EV. 

Proof. Note that £ uct C C fg ^ uct (see e.g. jHl Prop. 8.4.13]) hence C uct = C fg _ uct . Let 
(t4„) be an exhaustive sequence for A, such that A n £ Bj g _ uct for each n. Passing to a 
subsequence, we may assume that (A n ) satisfies (JTJ). By Lemma there is a sequence of 
completely positive contractions fi n : A ^ A n which is asymptotically multiplicative and 
such that : 

(16) lining \\ t n /j, n (a) - a \\= 0,\/ a e A. 

Applying Lemma [4.81 we obtain a commutative diagram: 



Inv(5 m ) T — ^lnv(S) 

Inv(j m ) 

where a n : Inv(74 n ) — > Inv(5 m ) is positive and A-linear, for some m = m(n). Next we 
lift a n to a *-homomorphism <p' nm : A n — > £> m using Lemma l5~6l Finally we set y? n)m : = 
jmSp'nm^n '■ A ^ B. Using (fTEJ). one verifies that if n is large enough, 90 := V9 nm will satisfy 
the conclusion of the theorem. □ 

Theorem 5.8. Let A,B be stable C* -algebras which admit exhaustive sequences consisting 
of finite direct sums of Kirchberg algebras satisfying the UCT. Then A is isomorphic to B if 
and only ifliw(A) = Inv(-B) as A-modules. Moreover 



Hom(A,B)/Inn(B) = Hom A (lrw(A),Irw(B)) 
if A £ C uct and B £ C 

Proof. We will only prove the first part, as the second part is similar. Fix a positive A-linear 
isomorphism a : Inv(v4) — > Inv(-B). We may apply the "existence" result Proposition 15.71 
to get completely positive contractions (fi : A — > B and ipi : B — > A which are increasingly 
multiplicative on larger and larger sets, and induce a and a -1 , respectively, on larger and 
larger subsets of lnv(A) and luv(B). Arranging this appropriately, we may conclude by our 
"uniqueness" result Proposition 15.51 that there are unitaries u n and v n making 

Ad(ui) Ad(w 2 ) 

A - A A - ••• 







B ~ — ; — *■ B — — : — B 

Ad(t)i) Ad(v 2 ) 
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an approximate intertwining in the sense of Elliott jHj • Hence 

A = hm(A, Ad(u n )) ^ lim(£, Ad(v n )) = B. 

□ 

Theorem 5.9. Let A, B be stable C*-algebras associated to continuous fields of Kirchberg 
algebras satisfying the UCT over zero dimensional metrisable locally compact spaces. Then 
A is isomorphic to B if and only ifliav(A) = Inv(5). 

Proof. This follows from Theorems 13.61 and 15.81 □ 

Corollary 5.10. Let A, B be a separable nuclear C*-algebras with zero dimensional Haus- 
dorff primitive spectra. Assume that all simple quotients of A and B satisfy the UCT. The 
following assertions are equivalent: 

(a) A (g) Ooo ®1C = B® Coo ® 

(6) Inv(A) ^ lnv(B); 

(c) A is KKx -equivalent to B. 

Proof. The equivalence (a) (c) is due to Kirchberg and holds in much more generality 
|12| . The novelty here is (a) (b) for which we give a direct proof and hence obtain an 
algebraic criterion for when (c) happens to hold. Let X := Prim(A). By Fell's theorem 
|lUj . A is isomorphic to a the C*-algebra associated to a continuous field of C*-algebras 
A = ((A(x)) xe x,T) with each A(x) simple. Then A <g> <S> K, is a C*-algebra satisfying 
the assumptions of Theorem 15.91 and B ® Ooo ® JC has a similar property, see fSJ Cor. 2.8]. 
After this preliminary discussion note that (a) (b) follows from Theorem 15.91 □ 

Corollary 5.11. Let A be a stable C* -algebra which admits exhaustive sequence consisting of 
finite direct sums of Kirchberg algebras satisfying the UCT. Then A = lim A n , where each A n 
is a finite direct sum of Kirchberg algebras satisfying the UCT and having finitely generated 
K-theory. In particular this applies to the stabilization of the C* -algebra associated to a 
continuous field of Kirchberg algebras satisfying the UCT, over a metrisable zero dimensional 
locally compact space. 

Proof. Since A £ C uct = Cf g _ uct , it follows that there is an exhausting sequence (A n ) for A, 
with A n £ Bfg- uc t. By Lemma 13771 after passing to a subsequence of (A n ) if necessary, we 
can arrange that lnv(A) = lim(Inv(A n ), u n ), for some positive A-linear maps v n : lnv(A n ) — > 
Inv(A„ + i) (n £ N). Now, using Lemma 15.61 we lift each v n to a *-homomorphism $ ra : 
A n -> A n+1 . Define B' := lim(A n , $ n ) and B := B' ® JC. Since B = \imA n ® M n and 
A n ® M n £ Bf g (since A n £ Bf g ) for each n, it follows obviously that B £ C uct . Hence A, B 
are stable C*-algebras in C uct and 

Inv(5) = lnv(B' ® JC) ^ Inv(-B') = lim( Inv(A n ), Inv($ n )) = lim( Inv(A n ), v n ) = Inv(A). 

Then Theorem 15.81 implies that A = B = hm(A n ,$ n ), which ends the proof, since each 

A n £ Bfg^uct- □ 

Corollary 5.12. Let A,B be stable C* -algebras which admit exhaustive sequences consisting 
of finite direct sums of Kirchberg algebras satisfying the UCT. Then, the following assertions 
are equivalent: 

(a) A and B are * -isomorphic; 

(b) A and B are shape equivalent; 

(c) A and B are homotopy equivalent. 
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Proof. Since the implications (a) =>- (b), (a) =>- (c) and (c) =>- (6) are trivially true, to 
prove the corollary it is enough to prove that (b) =>- (a) is true. Inv(— ) is a homotopy 
invariant continuous functor. Therefore if A and B are shape equivalent, then we clearly 
have Inv(.A) = lnv(B), which by Theorem 15.81 implies that A and B are ^-isomorphic. □ 

Remark 5.13. Theorems 15.81 and 15.91 remain true for nonstable C*-algebras, provided that 
one replaces Inv(— ) by Inv u (— ) in their statements. The proof is essentially the same, 
except for small changes as in [T9*j . Consequently, the stability assumptions can be dropped 
from Corollaries 15.111 and 15.121 For Corollary 15.111 which is probably the more interesting 
statement of the two, one can also verify our claim, at least in the unital follows. 
Assume that A G C uct is unital. Then, by the stable case, we can write A <g> K as the closure 
of an increasing sequence (A n ) of C*-algebras in B/ ff _ uct . Letting p = 1a <8> en, we may 
assume that \\p — q\\ < 1 for some projection q G A\. Let v G A ® JC be a partial isometry 
with v*v = p and vv* = q. Thus Ad(v) : p(A ® /C)p — * g(A <g> AT)g is an isomorphism. Then 

A = p(A <S> K)p = q(A ® /C)g = U n gA n g 

and qA n q e B fg 

—uct- 
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